This article is devoted to feeder containership traffic optimization on the trunk and feeder shipping lines. The optimization is fulfilled in case of the necessity of laden containers delivery between fixed pairs of ports as well as in case of the requirement not to exceed the vessel`s capacity, taking into account her residual value during transition between feeder port lines. The paper takes into account uneven distribution of empty container equipment in ports of line and the solution is suggested considering the estimation of the empty TEU`s number which is subject to reposition.
Introduction
The scheme of vessel's tonnage movement is the basis of the container transport and technological system. Organization of Hub-and-Spoke lines is reasonable on the part of concentration of cargoes, and reduces the ship's departures frequency, resulting in improved quality of transport service, and ultimately, the effectiveness of the fleet exploitation. Therefore, optimization of traffic routes on the ships of container shipping lines, particularly on the feeder-part of Hub-and-Spoke (HS) lines, is the central problem in the organization of container fleet operation.
Analysis of recent research and publications
A great amount of papers by national and foreign researchers address to various issues related to the formation of liner ships routes. The theoretical position on the organization of HS-lines justification is set forth in (Panarin, 1980) . In source (Panarin et al., 1987) the economic-mathematical model is proposed, a decision that is based on a heuristic algorithm that combines logic, heuristic, approximate and rigorous methods of obtaining optimal solutions. The implementation of this model allows to choose the optimal HS-line movement scheme, taking into account the quality of cargo shippers service. Papers (Bruev, 2004; Bruev and Urtmincev, 2003) are devoted to the research of routing parameters to determine the economic feasibility and the conditions under which it is advisable to create separate routing of container lines, or several small container flows integrated as a united line. In source (Kirillov, 2013 ) a solution for the development of container optional vessels serving lines with simple and HS schemes of ships movement is suggested. In study (Polat et al., 2014) , a novel perturbation method (called adaptive perturbation mechanism) was used for "vehicle routing problem with simultaneous pick-up and delivery with time limit". Paper (Mingjun et al., 2015) describes the model is set up through an improved genetic algorithm. Authors performed sensitivity analysis to investigate the influences of container-ship types and time deadlines on the problem. In the article the transportation of goods between the feeder ports is ignored, and proposed the objective function is to minimize the total cost of all containerships. But, the minimal costs are not always means the best choice, because commercial purpose is profit, eventually. As rightly observed in (Tsilingiris, 2005 ) "In both tramp and liner shipping, the goal of shipping firms is to maximize their profit". In (Bendall and Stent, 2001 ) was used a model for short-sea scheduling and particular type of trade (hub with remote ports) which lends itself to an efficient two-stage method for finding an optimum solution. As well as known, the unbalance of global trade leads to the empty container repositioning problem. Authors in (Maraš et al., 2012) proposed new approach for feeder containership routing, but used the special program solvers for numerical results getting. In paper (Zenzerovic and Beslic, 2003) doesn't takes into account costs, arisen from empty container reposition, but only said: "A ship will not yield profit if empty containers owned by the operator are transported, i.e., humanitarian aid, which is transported free of charge". The Ph.D. thesis-paper (Tierney, 2013) focused on the problem of fleet (not container equipment) reposition for Liner Shipping. In (Tsilingiris, 2005) author doesn't consider the leasing costs, which arise on experimental lines in the initial stage of their development. In research (Brouer et al., 2010) mentions the option of leasing in containers only, but not included it in modelling.
The purpose of the article
This article deals with the problem of choosing the route of the container ship on the feeder container line based on mixed-integer linear programming model.
The solution is to determine the optimal route for feeder container ship. The proposed formulation of the problem is focused on the optimality criterion -the maximum profit, which has two sources of revenue part: transporting laden containers with cargo (sea freight), and arising from the saving the fund on leasing (due to the repositioning of empty container equipment from the port with excess to the ports with deficit). It also considered the changing character of available vessel's container capacity, as loading and unloading of a particular consignment is possible not only in the hub-ports, but also in the feederports. Thus, in each of the ports available capacity may increase, decrease or remain unchanged. In this paper, we have tried to design the model in relation to the experimental feeder container shipping line, which can be solved using simple and accessible Excel Solver ad-in, available to find optimal solutions.
Economic and Mathematical Model of Feeder Containership Traffic Optimization
Feeder services are mostly organizing by the weekly services. These services are offered to the clientele relatively for long periods of time -from several months to several years. Therefore, the decision to open the new feeder service should be focused on the actual parameters as well as the projected ones, such as seasonal fluctuations of container in course of the year, the trend of market development, the level of competition in the segment of such services, and others.
Container shipping companies are focused on demand (prospective and existing container flow) for container transportation in any of the possible ports of call, and these indicators are to a great extent determined by the decision on the feeder posts organization. The actual and projected performance, describing the quantitative assessment of a container, as a rule, is calculated and adjusted on the basis of weekly reports with figures on expenditure and income. Among other things, many other parameters influence the decision on opening the shipping line, such as speed and size of vessels in the project shipping line, the number of currently available vessels and etc.
Shipping companies distribute their vessels on the lines that include two or more ports of call. The choice of the transshipment ports (hub-port) plays a unique place in the design of the feed line. These ports are the connectives between the trunk and feeder route sections. Thus, the hub is the starting and ending port of feeder route. Regular feeder lines link the hub with a few shallow feeder ports situated in the same region with the hub.
Containers loaded on feeder vessel in one port are usually transporting to more destination ports. Schedules of feeder container routes, including the date and time of arrival/departure to/from each should be announced in advance (one of the characteristics of liner shipping).
In accordance with the above, the following assumptions were made up for modelling:  feeder line is considered to be a route by sea within the same geographic region that includes several container ports, all of which are connected with the hub;  it is not compulsory to call at all regional container ports; in some cases, calls for the collection of the total number of containers presented for carriage in a port, may be impractical due to the high port charges, costs for terminal container handle and due to insufficient volume of container flow;  a feeder vessel can call at one port more than once (the condition of Euler cycle in the graph);  the route should be circular, that is, the starting and ending ports are the same (coincide);  a hub is the point where containers are transhipped from trunk to feeder line (or vice versa);  the shipping company that provides the feeder service, accepts the transport costs associated with the container loading/unloading and the costs of the reposition of empty containers, as well as the payment of port charges;  a model assumes a well-known weekly demand for the transport of containers for each pair of ports. This assumption is true, as a shipping company has the data on the amount of containers for previous periods and the forecasts of demand on the basis of booking-notes of the shippers;
 the number of containers that are loaded in the port, may be less than the number of containers available in the port; some consignments, offered for transportation, can be unprofitable for the feeder service, in the first place, due to the shallow consignment, low tariffs etc;  the total number of laden and empty containers on the feeder vessel can not exceed its container capacity on any sections of the route. Within the framework of the mentioned assumptions it is necessary to solve the following problems:  to determine the number of ports of call and their sequence on the route;  to determine the size of container volume (loaded and empty containers) to be transported between the ports of successive ports on the route. Ports of call, call sequence, and container traffic are the factors that directly affect the revenues and expenses and as a result, determine the level of profitability of the container line.
The task of determining the optimal route for the feeder vessel, taking into account the above mentioned, is to select the best from the point of view of profit maximization, the set ports of call and their sequence, as well as the size of the batches of loaded and empty containers to transport between adjacent ports on the route. Container ship needs to start and finish the route in the hub port, a minimum number of transitions is 2.
This problem can be solved on the basis of a mixed integer linear programming. Geographically, all ports   p k , 1  , are pre-ordered so that the transition is only possible from the port indicated by a lower number to the high-numbered port.
For the convenience of the mathematical representation of the economic and mathematical model, the ports that are located on Figure 1 are linear, with the port 1 and port p being one and the same hub from which the vessel begins to move along the line and in which it ends. Naturally, the direct transition from the node 1 to node p is impossible.
To create economic and mathematical models for feeder containership traffic optimization, we introduce the following notation exogenous parameters:
-is sea freight rate for transportation of 1 loaded container (TEU), loaded in port i , between the ports i and j , USD/TEU; -the number of empty containers from port i to port k , TEU;
-the number of laden containers with cargo from port k to port j , TEU;
-the number of empty containers from port k to port j, TEU.
The developed economic-mathematical model of feeder containership traffic optimization has the form (1) - (15):
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In the proposed economic and mathematical model, the feeder containership traffic optimization is subject to maximization of the objective function (1), which determines the profits of the shipping company. Herewith, the profitable part is generated in two ways:
1. due to income from transportation of loaded containers on the route areas; 2. due to cost savings in the short-term leasing of empty containers, which make the demand in the feeder line ports.
The shipping company expenses include the cost of transportation of loaded containers and the repositioning of empty ones, as well as the cost of cargo handling in ports of the shipping line.
The presented set of constraints (2) - (15) reflects the meaning of the conditions and assumptions formed in the formulation of the problem.
(2) -а term that determines the necessity of the feeder container departure from the port hub, herewith, the movement is carried out only to one port of the plurality under consideration; (3) -a term of the flow preservation: a vessel called at the feeder port should be sure to leave it; (4) -the last port of the feeder line is hub; (5), (6) -a term of balance on the loading and unloading operations: the total number of laden and empty containers taken by the ship in previous port i to port k , should be equal to the total number of discharged ones therein; (7) -a term of balance for operations of loading and transportation: the total number of laden and empty containers taken by the ship in previous port i to port k , should be equal to the total number of transported ones to it out of these ports; (8) -a term of balance for transportation and unloading operations: the total number of laden and empty containers, unloaded by the ship in port k , should be equal to the total number of transported ones to it out of the previous port i ; (9) , (10) -in the hub it is compulsory to catty out the unloading operation of laden with cargo or empty containers; (11) -the total number of containers loaded in the hub at the beginning of the movement on generated line should not exceed feeder vessel capacity; (12) -the total number of containers loaded in an intermediate port k of feeder line must not exceed the available container capacity of feeder vessel in this port.
At the same time the available (current) container capacity is determined by subtracting the nameplate of the vessel's capacity from the total amount of containers (laden and empty) in the previous port i and adding the total amount of discharged containers in previous ports i and the current port k ; (13) -the total number of laden containers loaded in port i addressed to port j must not exceed the volume of containers consignment declared for transportation between these ports; (14) -the total number of empty containers loaded in port i addressed to port j must not exceed the number of empty containers available in port i ; (15) -the total number of empty containers loaded in port i addressed to port j must not exceed the number of empty containers, the demand for which is produced in port j .
Results and Conclusions
On the basis of these researches the economic and mathematical model of feeder containership traffic optimization has been developed. The experimental calculations (see Table 1 ) allowed to obtain the practical recommendations concerning feeder line structure, container flow volume of loaded and empty containers. Figure 2 illustrates all the possible connection between these ports of the region, and a set of ports as a result of solving the problem (ports numbering is identical with the table 1). Further researches suggest the traffic optimization, taking into account the demand dynamics of container transport between ports during the shipping line operation. It should also be borne in mind the traffic of container equipment on the functioning line within the unified model framework.
